We construct an algebraic complex corresponding to a triangulation of a three-manifold starting with a classical solution of the pentagon equation, constructed earlier by the author and Martyushev and related to the flat geometry, which is invariant under the group SL(2). If this complex is acyclic (which is confirmed by examples), we can use it to construct an invariant of the manifold.
Introduction
Recently, acyclic complexes of a new kind were invented, which can be set in correspondence to triangulations of three-and four-dimensional manifolds [1]- [3] . Euclidean metric objects (such as edge lengths, dihedral angles, and Euclidean coordinates of vertices) were ascribed to elements of these triangulations. The linear spaces in the complex correspond to infinitesimal variations of these objects. This results in constructing invariants of piecewise-linear manifolds expressed in terms of the torsion of the complex and of the volumes of simplices of different dimensions in the triangulation.
Constructing these new acyclic complexes is based on algebraic relations naturally corresponding to elementary rebuildings of a manifold triangulation called Pachner moves. Namely, we use the move 2 → 3 (two tetrahedra having a common face are replaced by three tetrahedra having a common edge; we call such a relation the pentagon equation) in the three-dimensional case and the move 3 → 3 in the four-dimensional case. The complex must then be built in a way to ensure constructing an invariant of all Pachner moves.
In the three-dimensional case, the invariant successfully passes a standard test for distinguishing the lens spaces [4] . The more complicated four-dimensional case requires further investigations.
In the present paper, we again consider three-dimensional manifolds, but instead of using the solution of the pentagon equation related to Euclidean objects, we use the SL(2) solution found in [5] . We call it by the same name, although a larger group of area-preserving affine motions of a plane arises in our constructions.
Two representations of the fundamental group π 1 (M ) of the manifold M naturally arise in constructing an acyclic complex. To clarify this, we again consider the Euclidean case. In [6], we arranged vertices of a triangulation of the manifold M in the three-dimensional Euclidean space, whereas in [4], we arranged vertices of the triangulation of the universal cover of the manifold M . It can be said that each vertex of the triangulation of the manifold M then produces card π 1 (M ) copies, and the transition from one copy to another is determined by the image of an element of π 1 (M ) in the group E 3 of Euclidean motions of the three-dimensional space with respect to a representation f : π 1 (M ) → E 3 . In addition to the representation f , we can consider other representations of the group π 1 (M ), namely, the representation in the linear spaces * Southern of differentials from which our complex (which corresponds to the universal cover) is built. Considering nontrivial representations from this standpoint was started in [7] . Two similar kinds of representations can be considered in the SL(2) case as well. The experience of studying the Euclidean case shows that just using nontrivial representations leads to the most interesting invariants of manifolds. Still, we confine ourself here to the simplest case where both representations are trivial. We hope to study the invariants corresponding to nontrivial representations in subsequent papers.
The paper is organized as follows. In Sec. 2, we present the solution of the pentagon equation from [5] and give some new ideas. Based on this, we construct an algebraic complex in Sec. 3. In Sec. 4, we study the behavior of the torsion of the complex (assuming its acyclicity) under the Pachner moves 2 → 3 and 1 → 4, subsequently proposing a formula for the invariant of the manifold. In Sec. 5, we calculate the invariant for the sphere S 3 and for the projective space RP 3 (the complexes there indeed turn out to be acyclic). In Sec. 6, we discuss the results and plans for future research.
SL(2) solution of the pentagon equation
The Pachner move 2 → 3 is depicted in Fig. 1 : the adjacent tetrahedra EABC and ABCD, which belong to a triangulation of a three-dimensional oriented manifold, are replaced with three tetrahedra ABED, BCED, and CAED. Into correspondence to each oriented edge, we set a real number, for instance, the number λ AB to the edge AB, and assume that
for all edges. Whenever necessary, we can extend the number field λ and related objects to the field C of complex numbers. On the other hand, we do not yet address an interesting case of quantities λ belonging to a field of a finite characteristic.
Into correspondence to each oriented two-dimensional face, we set the circulation S of values λ; for example, for the face ABC, by definition,
We now ascribe numerical values to dihedral angles at the edges of a tetrahedron. Considering an oriented tetrahedron BCED and its oriented edge ED, we say that the value of the dihedral angle at ED
